Introduction
Unrestricted and restricted minimal lattice paths in two-dimensional and in threedimensional coordinate space have been widely discussed in literature [5, 9, 11, 12, 14] . Unrestricted minimal lattice paths in the plane which have horizontal, vertical, and diagonal steps yield the Delannoy numbers [2] . Restricted minimal lattice paths in the plane, which have horizontal and vertical steps, and never rise above the plane diagonal yield the well-documented Catalan numbers [l] . Handa and Mohanty [9] have discussed higher dimensional lattice paths subject to the restriction that no paths are allowed to cross two specific hyperplanes.
Moser and Zayachkowski [12] study lattice paths with diagonal steps, in two dimensions subject to the restriction that they lie below the main diagonal.
In this paper, similar restricted and unrestricted lattice path problems where horizontal, vertical, and diagonal steps are allowed are discussed. The recurrence on the Delannoy numbers is extended to higher dimensions. A determinant form relationship is then obtained between the number of restricted lattice paths and the Delannoy numbers, thus generalizing the two-dimensional result of Moser and Zayachkowski to higher dimensions. Lattice paths have been applied in voting and group choice, where they surface in the well-known ballot problem [2, 14] . It has been shown that lattice path counting problems are equivalent to the problem of enumeration of partial orders [7] . Partial order enumeration has applications in the area of computer science in deciding the efficiency of sorting algorithms [IO] , and in social choice theory in studying various kinds of discrete ranking structures, and preference orders among decision makers [4, 13] . The relationship between the restricted and unrestricted lattice paths investigated in this paper is of interest in studying the number of preference orders in environments of partial and incomplete information. For instance, unrestricted lattice paths correspond to certain preference structures of decision makers, while the restriction on lattice paths corresponds to additional information about the preference structures [ 131.
Section 2 looks at the restricted lattice paths in two dimensions and then considers analogous paths in three and higher dimensions.
Section 3 introduces the Delannoy numbers. The recurrence on the Delannoy numbers is extended to higher dimensions and some of their properties are mentioned.
Section 4 shows the relation between unrestricted and restricted minimal lattice paths through the use of Andre's reflection principle. This is then generalized to arbitrary m dimensions. In Section 5, Andre's reflection principle is extended to show the relation between unrestricted and restricted weighted minimal lattice paths in two dimensions.
Finally the paper is summarized and concluded in Section 6.
Restricted minimal lattice paths
In this section restricted minimal lattice paths in two dimensions and their extensions to higher dimensions are discussed. 
Due to the restrictive condition in Definition 2.2, equation (2) is modified on the diagonal d, = d, # 0 as folio ws: Figure 2 illustrates the recurrence in 2 and 3 dimensions. Note: The numbers on the diagonal in two dimensions are exactly proportional to the Schroder numbers.
The Delannoy numbers: unrestricted minimal lattice paths
Zeilberger [ 141 has used Andre's reflection principle to generalize the minimal lattice path problem without diagonal steps. Moser and Zayachkowski [12] have expressed the restricted minimal lattice paths with diagonal steps in two dimensions in terms of the unrestricted minimal lattice paths. This paper extends this relationship to higher dimensions.
In this section, unrestricted minimal lattice paths and a few of their properties are discussed.
The Delannoy numbers D(dl,d2) [2] in two dimensions have been defined as the numbers of unrestricted minimal lattice paths with diagonal steps from (40) to (d,,d,) . The Delannoy numbers can be expressed as a recursion as follows:
such that
Fray [5] extended the Delannoy numbers from two dimensions to three dimensions, in terms of both the recursion as well as their generating function. 
. d,) = c D(d,-61;,dz-S2;,...,dm-&,r). i=l (7)
Since any permutation y is a product of such transpositions,
Proof. The proof is obvious by symmetry. 0
Definition 3.5 [3]. Let p E S, and p(i) be the ith element inp. A function Sgn : S,,, -+ { +1, -l} is defined as follows:
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The relation between @ and D

In two dimensions,
Andre's reflection principle has been used to show the relation between the Delannoy numbers and the number of restricted minimal lattice paths [2] .
In this section the above result is extended from two dimensions to m dimensions. This implies that dkpl<dk+l. 
Case2. jkE [l,m] such that dk-a,i<O.
Since P" (d,,d,,...,d,,,) =l, dk=O and dki = 1. But this also implies that Vt> k, d, = 0 and 6,j = 1 (otherwise we go back to the previous case). Hence the last line of the matrix in equation (19) 5. An extension of Andre's reflection principle to weighted lattice paths
In this section, Andre's reflection principle [2, 12] as originally applied to unweighted minimal lattice paths is extended to weighted minimal lattice paths.
Proposition 5.1. Let cu,fl, YE IR, the set of reai numbers. Extending equations (2) and (6) , the following are defined, and
where the restrictive condition in Definition 2.2 applies to @'. If (x = y, then for any /3
Proof. Andre's reflection principle [12] 
Conclusion
The enumeration of restricted minimal lattice paths is an interesting combinatorial probtem. Its applications range from the well-known ballot problem assuming that ties are permitted, to the enumeration of possible preference orders in a discrete choice problem. This paper has established an interesting result. The relation between the unrestricted and restricted minimal paths, which can be obtained in two dimensions using the Andre's reflection principle, has been extended to higher dimensions.
In the process the recurrence on the Delannoy numbers is also extended to higher dimensions.
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